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Abstract 
To anticipate the response of the foundation to seismic excitations including earthquakes and blasts it is 

essential to have at hand the dynamic stiffness of the foundation as a component of the impedance based 

on the dimension and geometry of the foundation and conditions of the site soil. Many different types of 

foundations can be and have already been investigated, yet effects of shapes and dimensions are still to be 

studied. In this paper a typical range of disks has been inspected with the Cone Model propagation of 

incident waves and dynamic stiffness of different foundations under different excitation frequencies for 

horizontal, vertical, torsional and rocking response has been calculated and then compared. The shapes 

resulting in greatest and smallest dynamic stiffness have been pointed out and fields for further 

exploration are suggested. 

Keywords: seismic excitation, earthquake, impedance, disk, Cone Model 

 

 

1. INTRODUCTION  

 

The importance of soil-structure interaction (SSI) effects has been growing since the effects of incident 

motion frequency versus the natural frequency of the structure base has come into consideration and 

resonance possibilities have been inspected. However, in order to account well for the interactional effects 

and interaction forces, one of the most important factors with which the calculations and modeling 

procedures are followed will be the dynamic stiffness coefficient of the free field and of the site, which is 

strictly bound to some or all factors including the form of the foundation, geotechnical properties of the site, 

geometry of the foundation, physical and geometrical specifications of the strata, etc. depending on the 

method and hypotheses taken to calculate the stiffness coefficients. Some of these methods include 

conventional analytic solutions based on fundamentals of wave propagation, numerical solutions which can 

lead to responses with very good accuracies including the Cone Model, the Boundary Element Method 

(BEM), the Infinite Element Method (FEM), the Scaled Boundary Finite Element Method (SBFEM, formerly 

known as the method of finite element modeling of unbounded media [1] with some complementary 

manipulations afterwards), all for modeling the boundary characteristics of the half space in such a way that 

recognizes all suitable properties of the infinite half-space propagational properties of seismic waves. 

Among the named methods for modeling SSI problems the cone model is a rather new one with very 

good results compared to its computational cost. This method assumes a one-dimensional model of 

propagation for the seismic wave the traveling path of which is like a cone; as a conical bar conveying a 

wave all through its cross section [2]. Three basic assumptions are considered to use this model to solve 

problems of interest: First, the Hook's law of elasticity of the media using the famous elastic-constitutive 

model with Young's modulus of elasticity; second, dynamic equilibrium; and third, basic equation of motion. 

Further derivations and expansions of the model have been carried out based on these three assumptions 

[2,3]. It is worthwhile mentioning that the Cone Model is to be taken advantage of for axisymmetric 

problems hence for other types of foundations an equivalent radius must be calculated with an acceptable 

method to which the results should comply; the verification can then be carried out by a rigorous numerical 

method to ensure that the equivalent radius has been selected close to reality. 

In this study, a specific case was inspected to compare changes in dynamic stiffness of a range of 

disks of different geometries and effects of geometric ratios on this coefficient. Soil layers of all cases have 

been chosen of typical characteristics of a specific site near the city of Marvdasht in the Fars province of 

Iran; on which a specific structure with a required disk or ring foundation was once to be built. The depth 

was d = 5.00 meters, shear modulus G = 15366400 Newtons per square meter, Poisson's ratio µ = 0.40 and 

hysteretic damping ratio ζ = 8.0 %. Complementary inspections of sensitivities to depth, shear modulus, 

Poisson's ratio and hysteretic damping ratio will be carried out in future works. 

To determine the stated coefficients the program CONAN was used which is written in the MATLAB 

environment. A range of incident frequencies from 0 (static case) to 30 rad/sec was inspected for all cases 

covering commonly observed frequencies in blasts and earthquakes. Also, for performing a survey on 
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ordinary disks, disks of diameters between 1 meter and 20 meters were considered. A more comprehensive 

study covering vaster ranges of dimensions and aiming to study sensitivities of disks width change will soon 

be carried out. The procedures of dynamic stiffness calculation for all degrees of freedom each separately at a 

time have been carried out and results are withdrawn and discussed in details and post-processed, making 

future developments easier to achieve. 

 

2. MODEL DESCRIPTION 

 
Cone model is an approximate geometric model for wave propagation through soil which is a strength-of-

material approach proposed by J. P. Wolf. This model assumes the propagation of wave to be cone-like 

through the soil and similar to one dimensional wave propagation in a rod whose shape is conical and has a 

circular cross section [2, 4]. As discussed in the introduction, the basic assumptions of this model lead to a 

linear-elastic behavior of the soil when seismically induced; hence, linear behavior of the site is assumed, 

meaning that the soil remains linearly elastic with hysteretic material damping during dynamic excitation. 

This can be justified by noting that the allowable displacements of foundations for satisfactory operation of 

machines are limited to fractions of a millimeter. It should be noted that all waves propagating towards 

infinity decay due to geometric spreading [7], resulting in soil which can be regarded as linear towards 

infinity [2]. Inelastic deformations are thus ruled out in this stage of studies. 

Using this model or other methods to solve the problem, the site soil and its held structure is modeled 

with a lumped parameter supported by a spring and dashpot system as shown in Figure 1. 

 

 
Figure 1. Lumped parameter model for structural dynamics analysis 

 
 

Cone model assumes the incident wave to propagate away from the disturbance area spreading its 

cross section as it travels on, while at each depth the travel path of the wave remains perpendicular to 

horizon. Inspecting the whole travel path of the first reflection of the wave before any reflections or 

refractions, the first cone of propagation is obtained [2]. This is schematically shown in Figure 2. Figure 3 

illustrates the change of the travel path after reaching the interface of the layers and refracted and reflected 

afterwards. 

 
Figure 2. Wave propagation in cones, initial cone with outward wave propagation 
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Figure 3. Wave propagation in cones, reflected and refracted waves at a material discontinuity propagating in 

their own cones 

 

The derivation of relations is based on the three basic assumptions discussed earlier. For this 

purpose, an infinitesimal element is inspected as shown in Figure 4. 

 

 
Figure 4. Disk on surface of homogeneous half-space; truncated semi-infinite cone for vertical motion with 

outward wave propagation and equilibrium of infinitesimal element   

 

 
After writing the dynamic equilibrium and imposing the boundary conditions and considering 

geometrical conditions; and with the constitutive law, equation 1 will be at hand the solution of which for the 

static case will lead to the aspect ratio of the initial cone and the disk (equation 2). 

 

 

 
 
Where z indicates depth of interest from the apex of the cone, u stands for displacement which varies with 

time (t) and depth (z), cp denotes (dilational) wave velocity,  ̈      acceleration,    apex height from the 

foundation, r0 radius of the foundation and v is the Poisson's ratio. 

The same operation may be performed to inspect other degrees of freedom of a disk as illustrated in 

figure 5 below. In this study, all degrees of freedom of the disks and rings are inspected separately each to 

make a comparison of the effects of size on coefficients of each degree of freedom considering other factors 

constant, to be able to make a logical judgment regarding the sensitivity of stiffness coefficient to different 

parameters and in different degrees of freedom [4, 8].  

 

(1) 

(2) 
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Figure 5. Cones for various degrees of freedom with corresponding apex ratio (opening angle), wave velocity and 

distortion   

 

 

3. MODEL LIMITATIONS 

 
 

In order for the program to give accurate enough results, some considerations must be taken into account. 

Satisfying the limitations of Cone Model will result in desired accuracy. The first factor to consider is the 

input layers to the program. Existing layers must be discretized so that the requirement of the model is met. 

Equation 3 states the maximum allowable depth of each input layer so that the accuracy of calculations is 

guaranteed in the tolerance provided: 





.5

.c
d                                                                                                                                (3) 

Where d is the depth of each input layer, π is almost equal to 3.14, c is either the shear wave velocity or 

dilatational wave velocity as stated in equations 4.a and 4.b and   represents the highest frequency the 

dynamic model must accurately be able to represent [2]. 



E
cl 

                                                                                                                              (4.a) 

 



G
cs 

                                                                                                                              (4.b) 

Where cl and cs indicate longitudinal and shear wave velocities respectively, E modulus of elasticity, G shear 

modulus and ρ indicates the density of soil material. 

After incorporating the chosen   along with wave velocities based on the physical properties of 

the media, the smallest d will be taken the upper limit of the input depth. In this study d is taken 25 cm which 

is well below the acquired depth from the relations above. Note that this discretization is merely essential for 

the embedded arts of the foundation, and for layers under the embedded part of the foundation no such 

limitations are necessary [5].  

 Other limitations include the equivalent radius for non-axisymmetric foundations and tolerances 

described earlier. 

 

 

3. DYNAMIC-STIFFNESS COEFFICIENTS OF THE DISK 
 

Based on the material properties defined for the soil and strata descriptions, dynamic-stiffness coefficients of 

disks of different dimensions were calculated and changes of stiffness with dimensions were depicted as 

shown in the following. Figure 6 illustrates changes of dynamic-stiffness coefficient per unit area for 

horizontal, vertical, rocking and torsional degrees of freedom of disks with radii varying from 1 to 20 meters 

for different incident frequencies from 0 to 30 rad/sec. 
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Figure 6. Changes of dynamic stiffness coefficient (K) of the disk with variations in radii in different frequencies 

and for each degree of freedom 

 

 
In these figures K stands for the dynamic stiffness coefficient which represents the static stiffness 

coefficient for the zero frequency (static case), W represents frequency of excitation and R and r are the radii 

of the disks. It can be seen that for the horizontal and vertical movements, as radius increases, the dynamic-

stiffness coefficient per unit area and as a result the dynamic stiffness of the whole disk decreases; while the 

trend is the same for all incident frequencies with slight drop of stiffness for higher frequencies. However, for 

rocking and torsional degrees of freedom this is not the case and increasing the dimension of the foundation 
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results in the growth of the stiffness and restricts the torsional and rocking movements of the disk under 

seismic loads. For the torsional degree of freedom as the frequency of excitation increases, the rate of 

dynamic stiffness growth with radius decreases and, as seen later on, for high frequencies in foundations with 

any kind of opening this can lead to discrepancies in results which depends on the ratio of the opening to the 

whole area of the foundation.  

Figure 7, on the other hand, depicts changes of dynamic stiffness of the disks with input frequencies 

for better understanding and comparison. 

 

 

 

 

 

Figure 7. Changes of dynamic stiffness coefficient (K) of the disk with excitation frequencies for different radii 
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As observable on the curves, the general trend found out is that increasing the excitation frequency 

results in the decrease of dynamic stiffness and the rate of this decrease is bound to radius. Summarizing, as 

the frequency of excitation goes up, the dynamic stiffness of the foundation seemingly decreases. 

Based on the results of stiffness coefficients for each dimension and the pertinent frequencies, 

logical considerations may be achieved for design purposes in order to decrease vibrational displacements in 

case any type of seismic excitation occur. The convergence of results may be a good hint that can govern the 

criteria considered to control the conditions. Yet, further explorations are still needed to provide 

comprehensive judgments including all factors affecting the impedance and therefore seismic response of the 

structure's base. 

 

 

4. CONCLUSIONS 
 

The dynamic stiffness components of impedance of a range of common disks subjected to a range of input 

frequencies similar to those of common earthquakes have been calculated and plotted. As no openings exist 

in these foundations, dynamic stiffness per unit will suffice to inspect. Observing dynamic stiffness changes 

versus radius seemingly the foundation gets more elastically flexible in horizontal and vertical degrees of 

freedom although after a length of about 2 to 5 meters the rate of decrease drops rapidly. For torsional and 

rocking degrees of freedom the opposite holds and increasing the radius results in the increase of dynamic 

stiffness of the foundation whose rate strictly depends on the excitation frequency. As a general trend the 

higher the incident frequency is the lower the dynamic stiffness will be and the slower it grows with radius. 

No mentionable thresholds are to be reported in this stage. 

 The decrease of stiffness with excitation frequency is much more observable investigating it with 

the frequency separately. As conceived from the curves, for linear displacements of the disk (horizontal and 

vertical) the inclination of stiffness to drop is not sharp versus frequency, yet for the other two degrees of 

freedom of the foundation considerable decrease is observed for smaller disks. Apparently, for foundations 

with radii bigger than 20 meters the disk does not tend to have mentionable rocking or torsional movements 

while for radii smaller than 10 meters not only these types of movements are observable but their drop 

against frequency is considerable too. Obviously as the radius of the foundation gets smaller its sensitivity to 

frequency grows and it loses it stiffness in higher frequencies more rapidly. 

 Considering the trends discussed and combining the other component of impedance (damping ratio) 

the total impedance of foundations of interest (rings in this study) will be determined and lumped parameter 

models will be efficiently taken advantage of for structural dynamics analyses. 

Summing up the results of further studies may lead to economic designs of ring foundations instead 

of disks wherever possible and/or needed. 
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