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Abstract
Ground motion time histories can be significantly affected by the local subsurface geology and 
morphology. To evaluate the reliability of the results, the estimation of uncertainties is essential. The 
uncertainties come from the input site parameters as well as from the numerical model. In this research, 
site parameters uncertainty is considered.  For this purpose, a computer program was coded by 
MATLAB and the point estimate method is used for assessing reliability site response. The results are 
compared with the Monte Carlo simulation. Damped soil on rigid rock and elastic rock are selected as 
two different conditions for comparison. The selected stochastic parameters are damping, shear wave 
velocity, density and thickness of the soil layer for elastic bedrock condition. As well as damping, shear 
wave velocity and density of rock for rigid bed. The circular frequency is regarded as a constant 
parameter in each step of ground response analysis in the frequency domain. Comparison of the results 
indicates the soil layer on rigid rock has higher magnification on the input motion against the soil layer 
on elastic rock.

Keywords: Site response, Reliability, Monte Carlo simulation, Point estimate method, Ground 

motion, Stochastic

1.   INTRODUCTION

Site response analysis is a critical component of geotechnical earthquake engineering. It facilitates the 
incorporation of the subsurface material properties as well as surface topography, among others, on the 
prediction of the amplitude, frequency content, and duration of surface ground motion resulting from a 
specific input “bedrock excitation.” The phenomenon that a soft soil site might amplify the incoming seismic 
wave is well known. The amplitudes of seismic wave might increase significantly as it propagates through 
the soil layers near the ground surface. The amplification can be as high as several times the incoming wave 
amplitude depending on the incoming wave properties and site characteristics.
A deterministic analysis does not allow an assessment of the uncertainty of site amplification analysis, caused 
by the stochastic nature of geotechnical parameters. Several studies in the literature have dealt with the 
spatial variability of soil properties. 
One of the first works studying the feasibility of a stochastic approach to one-dimensional amplification 
analysis, using a hysteretic soil model, was developed by Faccioli [1], with a random vibration method. After 
that, a Monte Carlo simulation has been used by several researchers to understand the sensitivity of a model 
to uncertain soil parameters (e.g. [2–4]). Rota et al. [5] used stochastic 1D site response analysis for 
considering uncertainty in soil modelling at a site in central Italy. Wang and Hao [6] used point estimate 
method to consider the effects of random variations of soil properties and ground water level on the random 
dynamic responses of the soil. Recent researches have been made to apply the jointly distributed random 
variables to analysis of site amplification potential with considered uncertainties for a layer on rigid rock 
[7,8]. This study presents the implications of uncertainties of soil properties and effects of rigid and elastic 
bedrock on the surface response spectra. The effects of the uncertainties of soil are included in the calculation 
by the point estimate method and the results were compared with Monte Carlo simulation.
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2.      UNIFORM DAMPED SOIL ON RIGID ROCK (CASE 1)

The horizontal displacement uniform damped layer of isotropic, linear elastic soil overlying rigid bedrock.
Assuming the soil to have the shearing characteristics of a Kelvin-Voigt solid, the wave equation can be 
written as [9]:
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Where:

(2 )G      is the viscosity of the soil. G,  and is the shear modulus, damping ratio and circular 

frequency respectively. U is a displacement that is a function of t , z and  is the soil density. The solution to 

this wave equation can be written as follow:

    i ( t k* z ) i ( t k* z )U ( z ,t ) A e Be                                                                                                            (2)

Where in equation (2), k* is the wave number (ω/vs
*), vs is shear wave velocity and A and B are the constant 

coefficients of the equation. They must be obtained by boundary conditions.
Equation (2) can be used to define an amplification function that describes the ratio of displacement 
amplitudes at any two points in the soil layer. By choosing two points to be the top and bottom of the soil 
layer the amplification function for soil layer on Rigid Rock (RR), RRF ( ) , define as follow:
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Where H is the thickness of soil.

3.      UNIFORM DAMPED SOIL ON ELASTIC ROCK (CASE 2)

The horizontal displacement uniform damped layer of isotropic, linear elastic soil overlying elastic bedrock
[9]. If the subscripts s and r refer to soil and rock, respectively, the amplification function for soil layer on 
elastic rock (ER), ERF ( ) , can be obtained using equation (6):
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Where in equations (6- 10), *
ssv , *

srv , s , r , and *
sk are the complex shear wave velocity of soil, complex 

shear wave velocity of rock, soil density, rock density and complex wave number of the soil and rock, 

respectively, and  *
z is the complex impedance ratio. 

4. STOCHASTIC PARAMETERES 
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To account for uncertainties in the analysis of the ground response amplification, three input parameters have 
been considered as stochastic variables for damped soil on rigid rock and seven input parameters for damped 
soil on elastic rock. The soil thickness (H), soil shear wave velocity (Vss) and soil damping ratio ( s ) are 

chosen as stochastic parameters for first case. As well as, the soil thickness (H), soil shear wave velocity 
(Vss), soil damping ratio ( s ), soil density ( r ), rock shear wave velocity (Vsr), rock damping ratio ( r ) and 

rock density ( r ) are selected as stochastic parameters for case 2. These stochastic parameters are modeled 

using truncated normal probability distribution functions. The circular frequency is regarded as a constant 
parameter in each step of ground response analysis in frequency domain. 

5.        STOCHASTIC ONE DIMENSIONAL SITE RESPONSE ANALYSIS

5-1.        DEFINITION OF SOIL MODEL

To construct a stratigraphic 1D model, the first step is the definition of soil layers, with the corresponding 
depths and thicknesses. For the deposit of interest, one homogeneous soil layer has been identified. The 
uncertainty in the above model parameters has been quantified by an identification of appropriate intervals of 
variation of the geotechnical parameters, defined from the minimum and maximum values.

5-2.        METHODS OF ANALYSIS

Probabilistic analysis techniques used in this case are point estimate method and Monte Carlo simulation and 
these methods are briefly described below. At first we use pointe estimate method to calculate site response 
analysis with uncertain properties and next we use Monte Carlo simulation to verify the results. For this 
purpose a computer program was coded in MATLAB environment and used to calculate the 1D stochastic 
ground response analysis at a damped soil on rigid rock.

5-2-1.        MONTE CARLO SIMULATION 

Metropolis and Ulam proposed the Monte Carlo simulation (MCs) [10]. The MCs is a computational 
algorithm that relies on repeated random sampling to address risk and uncertainty in quantitative analysis and 
decision making. This method provides a range of possible outcomes and the probabilities that they will 
occur for any choice of action. The Monte Carlo simulation involves building models of possible results by 
substituting a range of values (a probability distribution) for any variable with inherent uncertainty. It then 
calculates results over and over, each time using a different set of random values from the probability 
functions.  Depending on the extent of uncertainty and the ranges specified for the variables, this method 
could involve a significant number of simulation runs to produce distributions of possible outcome values. 
The number of required Monte Carlo trials is dependent on the desired level of confidence  in the solution as 
well as the number of variables being considered and can be estimated from:
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Where in equation (11), N is the number of Monte Carlo trials; d is the standard normal deviate 
corresponding to the level of confidence;  is the desired level of confidence (0 to100%) expressed in 
decimal form; N is the number of variables.
During a Monte Carlo simulation, values are sampled at random from the input probability distributions. 
Each set of samples and the resulting outcome from that sample are recorded. Monte Carlo simulation has a 
number of advantages over deterministic analysis. The most important advantage is that in the MC approach 
the results show not only what could happen, but how likely each outcome is. It is also easy to see which 
inputs had the biggest effect on bottom-line results. The main disadvantage of MC simulation is the extensive 
demand on computational effort and time.

5-2-2.        POINT ESTIMATE METHOD

Rosenblueth [11] proposed the Point Estimate Method (PEM), which uses a series of point estimates (point 
by point evaluations) of the response function at selected values (known as weighting points) of the input 
random variables to compute the moments of the response variable. This method applies appropriate weights 
to each of the point estimates of the response variable to compute moments. In the PEM, all possible 
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combinations are taken into account for two point estimates for each independent variable. If the probability 
density functions are symmetric (e.g., normal distribution), the estimated points are separated one standard 
deviation below and above the average. The mean and variance are given by the following equations:

2
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n
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j

E W g( x )


                                                                                                                                  (12)
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Where in Equations (12) and (13): jx , g( jx ), n, FunctionE and 2σ Function are input variables, function of 

input variables jx , number of variables, mean and variance of function, respectively.

6.       EXAMPLE 

To demonstrate the efficiency and the accuracy of the methods in determining the stochastic ground response 
analysis, an example problem with arbitrary parameters for layer soil are selected. The example is solved for 
two different cases of bedrock.  The stochastic parameters are shown in Table (1) and (2). These tables 
summarize the mean values adopted for the geotechnical parameters and the uncertainty associated with each 
of them, which will be used in the stochastic seismic response analyses for soil layer on rigid and elastic 
rock, respectively. The time histories of the input motion are shown in Figure (1), which is the east–west 
component of the acceleration recorded at the El Centro rock station during the Imperial Valley earthquake. 
The peak acceleration of this record is 0.1395g. The input motion is specified at rock outcropping. The 
circular frequency is regarded as a constant parameter in each step of ground response analysis in the 
frequency domain. Moreover, in order to compare the results of the point estimate method with those of the 
Monte Carlo simulation, 10,000 trials are used for this purpose. Acceleration response spectra calculated for 
mean and plus/minus 1σ and 2σ from mean for surface ground motion. 

Table 1- Stochastic truncated normal parameters for soil layer on rigid rock (CASE 1)

Parameter Mean Standard deviation Maximum Minimum
Vss 170 15 230 110
Hs 30 0.20 30.80 29.2

s
0.025 0.00375 0.04 0.01

Table 2- Stochastic truncated normal parameters for soil layer on elastic rock (CASE 2)

Parameter Mean Standard deviation Maximum Minimum
Vss (m/sec) 170 15 230 110

Hs (m) 30 0.20 30.80 29.2

s
0.025 0.00375 0.04 0.01

s (kg/m3) 1835 46 2019 1651

Vsr (m/sec) 250 15 310 190

r
0.02 0.0025 0.03 0.01

r (kg/m3) 2019 0.04 2179 1859
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Figure 1- Acceleration time history of El Centro

7.        RESULTS AND DISCUSSIONS

The results of example are illustrated in Figures (2-8) and Tables (3) and (4). Figure (2) shows the spectral 
ratio between surface motion and base motion for 8 states of point estimated method in CASE 1. It shows 
with decreasing damping ratio and shear wave velocity, the amplification values were increased and 
decreased, respectively. If the height of soil layer is selected as an only variable, the amplification diagram 
shift rightwards when the soil thickness decrease. If the shear wave velocity of soil layer is selected as an
only variable, the amplification diagram shift rightwards more than pervious condition when the shear wave 
velocity decrease. Also when the damping ratio of soil layer decrease, the amplification values increase. In 
general, the shear wave velocity and soil thickness effects on the location (or, frequency) of the amplification 
values, whereas the damping ratio affects the amplitudes of the amplification values. For another case (soil 
layer of elastic rock), 128 states of input stochastic parameters need to define for calculating amplification 
function. These results aren’t shown in this paper because of the limitation.
The acceleration time histories, shown in Figure (3), are the consequence of the 8 states of combinations of 
model parameters that were assumed in the analyses for CASE 1. Also a close up view of a time window of 3
s centered at the instant corresponding to the acceleration peak, shown in Figure (4). The dispersion observed 
in the calculated accelerograms depends mainly on the different shear wave velocity and damping ratio 
assumed in the analyses and also on the variations in the distance between the free surface and the top of the 
bedrock (in this study soil thickness), where the input is applied. From Figure (4), it is readily apparent that 
the instant of time corresponding to the PGA varies from case to case, since it depends on the specific 
analysed soil model. For this reason, it is not possible to define a ‘‘mean’’ acceleration time history by 
simply using the arithmetic mean. This is however possible for the response spectra, since they do not depend 
on time. The acceleration response spectra calculated for the El Centro earthquake registered at the 
outcropping bedrock and the mean values of the spectra computed from the amplified accelerograms are 
shown in Figure (5). The results shown in Figures (3-5) and Figure (7) are calculated for CASE 1 and for the 
sake of conciseness the results for CASE 2 shown only in Figure (6) and Figure (8).
Figures (5) and (6) represent prediction of the mean value of acceleration response spectra using point 
estimate method and Monte Carlo simulation on rigid and elastic rock respectively. These figures show the 
results of two methods are very close to each other.
Figures (7) and (8) show the statistical distribution of surface response spectra, calculated for El Centro 
acceleration time history using the point estimate method for 8 and 128 sample soil models for rigid and 
elastic rock, respectively. The thick red line represents the mean response spectra, whilst the thin blue lines 
and thin green lines indicate the mean spectrum plus or minus one and two standard deviations, respectively. 
The dash line represents the response spectra of the input accelerogram in both figures, applied at the 
outcropping bedrock.
Table (3) shows the calculations for determining the mean and variance of the acceleration response spectra 
at surface at period 1 (Sec) using the point estimated method. The values given in Table (4) represent values
of Peak Ground Acceleration (PGA) at base and surface for soil lying on rigid and elastic rock for mean of 
stochastic parameters. From this table can be concluded that the soil layer on rigid rock has higher 
magnification on the input motion against the soil layer on elastic rock and also the results are shown the 
calculated values for PGA at the surface is greater than PGA at the base. This is the results of amplification 
that is occurring when the input motion passed from soil layer.
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Figure 2- Spectral ratio between surface motion and base motion for soil layer on rigid bedrock
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Figure 3- Acceleration time histories at surface for 8 states of combination of input stochastic parameters
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Figure 4- a close up view of a time window of 3 s centered on the PGA
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Figure 5- Acceleration response spectra for soil layer 
on rigid rock
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Figure 6- Acceleration response spectra for soil layer 
on elastic rock
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figure 7- Acceleration response spectra for soil layer on 
rigid rock for damping 0.05
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figure 8- Acceleration response spectra for soil layer on 
elastic rock for damping 0.05

Table 3- Results from point estimate method for acceleration response spectra at surface for period 1(s).

Point Height(m) Vs (m/sec) s (kg/m3) W Sa W. Sa W. Sa2

1 30.2 185 0.0288 0.125 0.2687 0.033588 0.009025
2 30.2 185 0.0213 0.125 0.2797 0.034963 0.009779
3 30.2 155 0.0288 0.125 0.4626 0.057825 0.026750
4 30.2 155 0.0213 0.125 0.4911 0.061388 0.030147
5 29.8 185 0.0288 0.125 0.2443 0.030538 0.007460
6 29.8 185 0.0213 0.125 0.2499 0.031238 0.007806
7 29.8 155 0.0288 0.125 0.4476 0.055950 0.025043
8 29.8 155 0.0213 0.125 0.4771 0.059638 0.028453

Sum 0.365125 0.144464

Mean of Sa= W.Sa =0.365125

Variance of Sa=  
22

W.Sa W.Sa  =0.144464-0.133316=0.105583
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Table 4- PGA values for soil layer on rigid and elastic rock for different cases

Base type Base PGA Surface PGA for mean of 
stochastic parameters

Elastic bedrock 0.1395 0.1650
Rigid bedrock 0.1395 0.5027

8.        CONCLUSION

Evaluation of soil layers response subjected to earthquake motions should be performed for designing of any 
important structures. For this purpose, one-dimensional, equivalent-linear models are commonly utilized in 
practice. In this research the point estimate method was used to assess the reliability of site response soil 
layer on the uncertainty in the geotechnical properties and the results obtained from this method were 
compared with Monte Carlo simulation. These results show two methods are very close to each other. With 
calculating the amplification function for different input parameters, it was concluded that the shear wave 
velocity and soil thickness effects on the location (or, frequency) of the amplification values, whereas the 
damping ratio affects the amplitudes of the amplification values. In this research, the statistical distribution of 
surface response spectra, calculated for El Centro acceleration time history using the point estimate method 
for 8 and 128 sample soil models for rigid and elastic bedrock, respectively. In addition, the PGA for soil 
lying on rigid and elastic rock are calculated for different conditions to consider uncertainty in site response 
analysis. From this section can be concluded that the soil layer on rigid rock has higher magnification on the 
input motion against the soil layer on elastic rock, in the other word, The results are shown the calculated 
values for PGA at the surface is greater than PGA at the base. This is the results of amplification that is 
occurring when the input motion passed from soil layer.
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