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Abstract 

 One of the important features of open channels hydraulic analysis is critical water depth that its 

determination in many cases is essential. In this research study, through conversion of critical depth 

equation to an objective function and then its minimization by using Particle Swarm Optimization 

algorithm, we calculate critical depth in open channels. Comparing the results for some regular geometric 

cross sections with semi-empirical relationships and Genetic algorithm results presented in the past, 

indicate high accuracy and no restriction of this method in determining critical depth of flow. In this 

research study we investigated application of this method for analysis of irregular and asymmetrical cross 

sections critical depth. In order to verify the results of the model presented in the irregular and 

asymmetric cross-sectional channel used the HEC-RAS software, the results of the flow analysis 

indicated the high accuracy of the PSO model in determining the critical depth. Furthermore this 

algorithm can be used to deal with other optimization problems in hydraulic engineering. 

 

Keywords: Particle Swarm Optimization algorithm, Open Channel, Critical Water Depth, Cross 

Section, HEC-RAS software. 

 

 

1. INTRODUCTION  

 

Open channels include a wide range of water flow, for example water movement in natural channels 

such as rivers, artificial channels such as irrigation channels and collection systems and sewage. In open 

channels to determine flow regime for analysis of hydraulic phenomena, critical water depth determination is 

essential.  

To calculate critical depth in an open channel with certain geometric cross section and per a specific 

discharge, equation (1) with regard to cross section area showed in Figure 1 has been presented in a plane 

perpendicular to the general direction of water movement [1]. 

 

 

 
Figure (1) Longitudinal profile and cross-section geometry for an open channel. 
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Where A, T, Q,   and g are cross sectional area of flow, top width, flow discharge and kinetic energy 

correction factor and gravitational acceleration, respectively. Because A and T depend on the flow depth (y), 

so the equation (1) is explainable according to y and critical depth value is obtained by solving this relation.  

Equation (1) cannot be solved explicitly and in most cases Newton-Raphson method or trial and error 

method is used that these methods are difficult and time consuming. One of quick solutions to determine 

critical depth is using Straub semi empirical relationships [1, 2].  

In 1998 Wang presented an explicit formula for calculating critical depth in trapezoidal sections [3]. In 

2004 Kurnanov and Khanov investigated computation of critical depth of open channels with polygonal 

symmetrical cross sections [4]. Swamee and Rathie developed exact equations for critical depth in 

trapezoidal open channels [5]. All of mentioned researches have been limited just for specific and 

symmetrical cross sections. In 2008 Kanani et al. used Genetic Algorithm (GA) for calculation of critical 

depth in conduits [6].  

Particle Swarm Optimization (PSO) algorithm for the first time was proposed by Kennedy and 

Eberhart in 1995 [7, 8]. The method has been founded based on simulating group behavior of a specific 

species of animals such as birds and fishes [9-11]. In PSO algorithm, there are many creatures that are said 

particle and have been distributed in the search space of a function that we intend to optimize its value [12]. 

Each particle calculates the objective function value in a position of space, which has located in it. Each 

particle sets its course in proportion to its best previous position and also in proportion to the best previous 

position of its neighbors [13]. One step of the algorithm finishes after doing the movement. These steps are 

repeated several times until the desired answer is obtained. PSO algorithm is becoming popular because of its 

simplicity and ability to converge to good result [14-16].  

In this research study, by using PSO algorithm, we minimize the objective function of critical depth 

equation. We compare these results with the results presented by semi empirical relationships and GA model 

for different geometric shapes that can be considered as a flow cross section.  

Given the high accuracy of the results of a computer program developed for optimization by using the 

PSO algorithm, we use this program to calculate critical depth of open channels with irregular and 

asymmetrical cross section, like rivers' bed. 

 

2. PSO ALGORITHM  

 
The PSO algorithm analyzes the problem by the exchange of information between the populations 

(called swarms) that in fact are the same particles (called candidate solutions) of the group. Each particle sets 

its path towards its best previous position and also towards the best position achieved by its neighbors [13, 

17].  

In this method, particles are made by random positions and velocities. During algorithm 

implementation, the position and velocity of each particle in the t+1 step of the algorithm are made from 

information on the previous step. The equations that alter the velocity and position of the particles are:  

 

           i i 1 1 i i 2 2 it 1 t c r q t z t c r g t z t             
 (2) 

     i i iz t 1 z t t 1     (3) 

 

 Thus,  i t  is the velocity of particle i at time t and zi(t) is the position of particle i at time t. Where 

  is the inertial coefficient on the interval (0.8, 1.2), which can either dampen the particle's inertia or 

accelerate the particle in its original direction. Generally, lower values of the inertial coefficient speed up the 

convergence of the swarm to optima, and higher values of the inertial coefficient encourage exploration of 

the entire search space [14].  

r1 and r2 are random numbers in the interval (0, 1), and c1 and c2 are cognitive coefficients. r1 and r2 

lead to the kind of diversity in the answers and thus a thorough search is performed in the search space. c1 is 

the cognitive coefficient of personal experiences of each particle and in contrast c2 is the cognitive coefficient 

of the whole set's experience [14].  

The value qi(t) is the individual best candidate solution for particle i at time t, and g(t) is the swarm's 

global best candidate solution at time t. 
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From the above equations, it can be concluded that each particle while moving considers the 

following:  

• Its previous moving direction;  

• The best position that it has ever been;  

• The best position that has ever been experienced by the entire set.  

In this research all simulations were performed with: 

 

1 21,c c 2, N 40,M 200      (4) 

 

Where N and M are number of particles and maximum iteration number, respectively. 

 
Table (1) Critical depth using PSO, GA model and semi empirical solution for regular and symmetrical cross 

sections 

 
 

3. Critical Depth Calculation Using PSO Algorithm  

 

Assuming a horizontal channel ( 0  ) and 1   relation (1) changes as following:  

   
2

3

Q T
1

gA
  (5) 

To calculate critical depth, firstly we should convert the above relation to an objective function and 

then minimize it. The considered objective function is minimized when depth is equal to critical depth, 

therefore:  

   
2 2

3 3
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      (6) 

 

Therefore, the optimization problem is defined as follows: 
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   (7) 

 

Constraint= 0 < y < ymax  
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As it is observed, the only constraint of this problem is depth value, which enters optimization 

algorithm by a penalty function. To solve the problem, at first we rewrite T and A parameters according to 

the flow depth (y). As a result, we obtain F function according to the flow depth and geometric parameters of 

channel and optimize it by using the PSO algorithm.  

The results of minimizing the critical depth of the objective function by the PSO in many regular and 

symmetrical geometric shapes have been presented in table 1. These results have been compared with values 

of semi empirical relationships that have been proposed by Straub [1, 2] and GA model [6], differences 

between the results are negligible and the accuracy of the algorithm is noticeable.  

For determining critical water depth of open channel with parabolic cross sections we use the equation 

of these sections to calculate A and T parameters. In table 2 we compared the results of PSO algorithm and 

semi empirical relationship for parabolic cross sections in [1, 2].  

In Figure 2 values of objective function versus the number of iterations is plotted for parabolic cross 

sections. It can be seen that the PSO algorithm converges before 5 iterations to attain the result. Given the 

high accuracy of the results of a PSO algorithm and correctness of the developed computer program, it also 

can be used to obtain critical depth of open channels with irregular and asymmetrical cross section (such as 

rivers' bed), which until now no relation has not been provided to it.  

Like parabolic sections, we use the equation of cross section to calculate value of A and T parameters 

for irregular and asymmetrical cross sections. Firstly, we obtain the equation of the channel cross section 

curve using Regression method of curve points. In every repetition of PSO algorithm, curve equation is 

considered equal to selected random and optimized value in max0 y y  interval. By solving this equation 

its roots are obtained, which the distance between roots shows T parameter value. The manner of calculating 

T and A parameters has been explained in Figure 3, (8) and (9) equations. 

 
Table (2) Critical depth using PSO and semi empirical solution for parabolic cross sections 
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Figure (2) Value of critical depth in each iteration for parabolic sections 

 

 

 
Figure (3) Calculating T and A parameters of irregular and asymmetrical cross sections 

 
As an example of a general cross section of a river, for a flow of 5 m3/s, the critical depth of 

representing channel in Figure 4 with irregular and asymmetric cross section by using the PSO algorithm will 

be equal to 1.33263 meters. The convergence trend rate and the procedure of minimization by the PSO 

algorithm in solving this problem is shown in Figure 5. 
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Figure (4) An example of irregular and asymmetric cross section  

 

 

 
Figure (5) Value of critical depth in each iteration for irregular and asymmetric cross section  

 

In order to validate the result of the model presented in the recent example, the flow in an irregular 

and asymmetric cross-sectional channel shown in Figure 4 is modeled in HEC-RAS 5.0.3 (Figure 6). 
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Figure (6) Irregular and asymmetric channel sections drawn in HEC-RAS software 

 

The results obtained from the flow analysis in the HEC-RAS model indicated a critical depth of 

1.33215 meters (Figure 7). The proximity of the solutions obtained in two modes indicates the high accuracy 

of the method presented in this paper. One of the reasons for the slight difference between the critical depths 

obtained in the two models (0.036 percent) is that the coefficient α in the PSO model is assumed to be equal 

to one, while this coefficient in the HEC-RAS model is calculated for all sections and slightly more from 

one. 

 

 
 

Figure (7) Summary of the results of the flow analysis in the HEC-RAS model for the cross-section form of Figure 

(6) 
 

4. CONCLUSIONS 
 

In this research study, through converting the equation of critical depth in channels to an objective 

function, the possibility of optimizing this objective function by using the PSO algorithm was investigated. 

Comparing the results for critical depth in channels with a cross section of this algorithm with results of semi 

empirical relationships and Genetic Algorithm, shows the high Accuracy of this method to analyze such 

problems. Because the developed computer program can use mathematical equation governing the channel 

cross section points to obtain critical depth, its usage range is not limited to geometric regular cross sections. 

Thus, its ability to be generalized in irregular and asymmetric cross sections, such as rivers' bed, has been 

shown by providing a numerical example. Application of this algorithm may be used for other similar 

problems in hydraulic engineering. 
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