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Abstract. In this project, we study several properties of the
modulus of order bounded disjointness preserving opera-
tors. We show that if T is an order bounded disjointness
preserving operator, then T and |T | have the same compact-
ness property for several types of compactness. In final, we
investigate some properties of b-weakly compact operators
of Banach lattices and Arens regularity of Banach lattice
algebras. We study some relationship between Arens regu-
larity and KB-space.
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1. Introduction

Let E be a Riesz space. A linear functional f : E → R is said to be
positive whenever f (x) > 0 holds for each x ∈ E+ = {x ∈ E : x > 0}.
A linear functional f is called order bounded if maps order bounded
subsets of E onto bounded subsets of R. It is clear that every positive
operator is order bounded, but in general, the converse not holds. The
vector space E∼ of all order bounded linear functionals on E is called or-
der dual of E. A subset A of a Riesz space E is called b-order bounded in
E if it is order bounded in E∼∼, the notion of b-order bounded has been
introduced in [?]. A Riesz space is said to have property (b) if A ⊂ E
is order bounded whenever A is order bonded in E∼∼. Note that every
perfect Riesz space and therefor every order dual and every reflexive Ba-
nach lattice has property (b). Let E be a Banach lattice. We say that E
has order continuous norm if ‖xα‖ → 0 for every decreasing net (xα)α
with infα xα = 0. A Banach lattice is called a K B-space whenever every
increasing norm bounded sequence {xn}n ⊆ E+ is norm convergent. For
example `1 is a K B-space, and if E is reflexive Banach lattice, then E
and E′ are K B-space. Note that each K B-space has an order continu-
ous norm, but in general the converse is not hold. In fact, the Banach
lattice c0 has an order continuous norm, but it is not a K B-space. How-
ever, if E is a Banach lattice, the topological dual E′ is a K B-space if
and only if its norms is order continuous. A Banach lattice E is is said
to be an AM-space if for each x, y ∈ E such that inf(|x |, |y |) = 0, we
have ‖x + y‖ = max{‖x‖, ‖y‖}. The Banach lattice E is an AL-space if
its topological dual E′ is an AM-space . An element e > 0 in a Riesz
space is said to be an order unit whenever for each x there exists some
λ > 0 with |x | ≤ λe. For example `∞ has order unit, but c0 has not. An
operator T from a Banach lattice E into Banach space X is said to be
order weakly compact, if it maps each order bounded subset of E into a
relatively weakly compact subset of X , i.e., T[−x, x] is relatively weakly
compact in X for each x ∈ E+. In all undefined terminology concerning
Riesz spaces, Arens regularity, we will adhere to [13, 24]. As is well-
known [1], the second dual A∗∗ of Banach algebra A endowed with the
either Arens multiplications is a Banach algebra. The constructions of
the two Arens multiplications in A∗∗ lead us to definition of topological
centers for A∗∗ with respect to both Arens multiplications. The topologi-
cal centers of Banach algebras, module actions and applications of them
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were introduced and discussed in [1, 5, 9, 14, 17, 18, 25, 26]. In first
section, we establish some relationships between the topological centers
of the second dual of Banach algebra A and module actions with some
conclusions in group algebras. For an unital Banach A − module B we
show that Z`

A∗∗ (B∗∗)Z1(A∗∗) = Z`
A∗∗ (B∗∗) and as results in group alge-

bras, for locally compact group G, we have Z`
L1(G)∗∗

(M (G)∗∗)M (G) =

Z`
L1(G)∗∗

(M (G)∗∗) and Z`
M (G)∗∗ (L1(G)∗∗)M (G) = Z`

M (G)∗∗ (L1(G)∗∗). Let

Z`
A∗∗ (B∗∗) A ⊆ B and suppose that B is W SC, so we conclude that

Z`
A∗∗ (B∗∗) = B. In [22], Neufang shows that if a Banach algebra A

satisfying (Mk )-property and whose dual A∗ has the property (Fk ), for
some k ≥ N0, then A is left strongly Arens irregular and every lin-
ear left A∗∗ − module homomorphism on A∗ is automatically bounded
and weak∗ − to − weak∗ − continuous. We extend this problem and
some of its results into module actions and as applications, we show
that Z`

M (G)∗∗ (L1(G)∗∗) = L1(G) and Z`
L1(G)∗∗

(M (G)∗∗) = M (G) when-
ever G is a locally compact non-compact group with covering number
card(G).
We introduce some notations and definitions that we used throughout
this paper.
Let A be a Banach algebra and A∗, A∗∗, respectively, are the first and
second dual of A. For a ∈ A and a′ ∈ A∗, we denote by a′a and aa′ re-
spectively, the functionals on A∗ defined by 〈a′a,b〉 = 〈a′,ab〉 = a′(ab)
and 〈aa′,b〉 = 〈a′,ba〉 = a′(ba) for all b ∈ A. The Banach algebra A
is embedded in its second dual via the identification 〈a,a′〉 - 〈a′,a〉 for
every a ∈ A and a′ ∈ A∗. Let A be a Banach algebra. We say that a net
(eα)α∈I in A is a left approximate identity (= L AI) [resp. right approxi-
mate identity (= RAI)] if, for each a ∈ A, eαa → a [resp. aeα → a].
In this project, we primary focus on the properties of the class of dis-
jointness preserving operators and the class of b-AM-compact opera-
tors. The various authors have studied disjointness preserving opera-
tors. In order to read the recent researches on order bounded disjoint-
ness preserving operators see for example [11, 19]. Meyer proved that
an order bounded disjointness preserving operator T : E → F between
two Archimedean Riesz spaces has a modulus that is a lattice homo-
morphism and |T | |x | = |T x | for all x ∈ E. Another important result
related to order bounded disjointness preserving operator is the polar
decomposition theorem, see [12]. In this paper, we proved a simplified
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version of the polar decomposition of disjointness preserving operators
on Banach lattices, which is used with Meyer’s theorem in order to prove
several new results about order bounded disjointness preserving opera-
tors. The class b-AM-compact operators was introduced by Aqzzouz
and Hmichane in [4]. These authors also studied the duality problem.

Aliprantis and Burkinshaw showed that every weakly compact oper-
ator from an AL-space into a K B-space has a weakly compact modu-
lus [1, Theorem 5.35]. Schmidt proved every weakly compact operator
from an AM-space into a Dedekind complete AM-space with unit has
a weakly compact modulus. The similar result for the class of com-
pact operators is due to Krengel. We study this problem for the class
of b-AM-compact (AM-compact) operators. More results for the class
of AM-compact operators and b-AM-compact operators can be found
in [18, 5]. Before we state our results, we need to fix some notations
and recall some definitions. Let E and F be two vector lattices (Riesz
spaces) and let x, y ∈ E with x ≤ y, the order interval [x, y] is the subset
of E defined by [x, y] = {z ∈ E : x ≤ z ≤ y}. A subset of E is called
order bounded if it is included in an order interval. Let T : E → F be
an operator between two Riesz spaces E and F. T is order bounded if it
maps order bounded subsets of E to order bounded subsets of F. By E

′

and E
′′

we will denote topological dual and topological bidual of E , re-
spectively. The vector space E∼ of all order bounded linear functionals
on E is called the order dual of E . The vector space E∼∼ = (E∼)∼ will
denote the order bidual of E . The b-order bounded subsets are the sets
that are order bounded in E∼∼. T is b-order bounded if it maps b-order
bounded subsets of E to b-order bounded subsets of F. The algebraic
adjoint of T will be denoted by T ′ : F′ → E′ and, its order adjoint will
be denoted by T∼ : F∼ → E∼. A vector lattice E is said to be discrete
if it admits a complete disjoint system of discrete elements, where we
say a non-zero element x ∈ E is discrete whenever the ideal generated
by x coincides with the vector subspace generated by x. A Banach lat-
tice is a Banach space (E, ‖.‖) such that E is a vector lattice and its
norm satisfies the following property, for each x, y ∈ E if |x | ≤ |y |, we
have ‖x‖ ≤ ‖y‖. A norm of Banach lattice (E, ‖.‖) is order continuous
if for each net (xα)α∈Λ such that xα ↓ 0, (i.e. (xα) is decreasing and
inf{xα : α ∈ Λ} = 0) we have ‖xα‖ → 0. A Banach lattice E is said to
be a Kantorovich-Banach space (K B-space) whenever every increasing
norm bounded sequence of E+ is norm convergent. If E is a Banach
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lattice and x ∈ E+, the principal ideal Ix generated by x is,

Ix = {y ∈ E : ∃λ > 0 with |y | ≤ λx} ,

which Ix under the norm ‖·‖∞ defined by,

‖y‖∞ = inf {λ > 0 : |y | ≤ λx} , y ∈ Ix,

is an AM-space with the unit x, whose closed unit ball is the order inter-
val [−x, x]. Let T : E → X be an operator between Banach lattice E and
Banach space X . T is order weakly compact (resp. b-weakly compact) if
it maps order bounded (resp. b-order bounded) subset of E to relatively
weak compact subset of X . T is AM-compact (resp. b-AM-compact) if
it maps order bounded (resp. b-order bounded) subset of E to relatively
compact subset of X . By K (E,X ), AM (E,X ) and AMb(E,X ) we denote
the collection of compact, AM-compact and b-AM-compact operators,
respectively. Clearly we have,

K (E,X ) ⊂ AMb(E,X ) ⊂ AM (E,X ).

For an operator T : E → F between two Riesz spaces we say that its
modulus |T | exists whenever

|T | := T ∨ (−T ),

exists. By using [1, Theorem 1.18], for Riesz spaces E and F when-
ever F is Dedekind complete, each order bounded operator T : E → F
satisfies the following statement,

|T | (x) = sup {|T y | : |y | ≤ x} ,

for each x ∈ E+. We refer to [1, 20] for any unexplained terms from
Banach lattice theory.
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2. A characterization of b-AM-compact operators

Recall that a Banach space is said to have the Schur property whenever
every weak convergent sequence is norm convergent, i.e., whenever if
{xn} is weakly convergent to 0 then ‖xn‖ → 0. Let E be a Banach space.
E
′

and E
′′

will denote the topological dual and topological bidual of E ,
respectively. By using [1, G. Birkhoff, Coro. 4.5] we know that E

′

and
E
′′

coincide with E∼ and E∼∼, respectively.

Lemma 2.1. Every Banach lattice with Schur property is a K B-space.

Proof. Let E be a Banach lattice with Schur property, then it is weakly
sequentially complete and now [1, Theorem 4.60] completes the proof.

�

As an example `1 is famous to have Schur property and so it is a K B-
space. Recall that an operator T : X → Y is a Dunford-Pettis operator
whenever if {xn} is weakly convergent to 0 in X then ‖T xn‖ → 0. Now
we characterize some sufficient conditions which a continuous operator
will be b-AM-compact.

Theorem 2.2. Let E be a Banach lattice and let X be a Banach space.
Each continuous operator, T : E → X is b-AM-compact if one of the
following assertions holds.
(a) E

′′

has order continuous norm and X has Schur property,
(b) E

′′

has order continuous norm and E has Schur property,
(c) X is a Banach lattice with Schur property and T is b-order bounded,
(d) T is Dunford-Pettis and E

′′

has order continuous norm,
(e) E is a discrete AL-space.

Proof. Let A be a b-order bounded subset of E . It is sufficient to show
that T (A) is relatively compact in X .
(a) As A is b-order bounded, it is an order bounded subset of E

′′

.
Since E

′′

has order continuous norm, by using [1, Theorem 4.9] A
is σ(E′′,E′′′)-compact. Consequently, A is σ(E,E′)-compact. Since
T : E → X is weak-to-weak continuous, T (A) is weakly compact. X
has Schur property, so T (A) is relatively compact. This shows that T is
b-AM-compact.
(b) By proof of the preceding part, A is weakly compact. Since E has

Schur property, A is compact. Therefore T (A) is relatively compact, i.e.,
T is b-AM-compact.
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(c) Since T is b-order bounded, T (A) is b-order bounded. As X has
Schur property, by Lemma 2.1 it is a K B-space, so it has the property
(b). Thus T (A) is order bounded. Since X has order continuous norm,
T (A) is relatively weak compact. Now since X has Schur property, T (A)
is relatively compact.
(d) By proof of part (a), A is weakly compact. Since T is a Dunford-

Pettis operator, T (A) is relatively compact.
(e) E is AL-space so it has positive Schur property which coincides

with Schur property on discrete Banach lattices. E
′′

is AL-space so it
has order continuous norm. Hence by using part (b) proof is complete.

�

Corollary 2.3. Each continuous operator from an AL-space into a Ba-
nach space with Schur property is b-AM-compact.

Proposition 2.4. Let E be a Banach lattice. We set notation E[n] where
n ∈ N as nth dual of E with this convention that E[0] is E itself.
(a) (`∞)[2n−1] is not discrete,
(b) (`∞)[2n−1] is a non-discrete AL-space.

Proof. (a) Fix n ∈ N. We know that (`∞)[2n−1] = (c0)[2n+1]. If (c0)[2n+1]

is discrete by [?, Proposition 3.4], (c0)[2n−2] is reflexive which is a con-
tradiction. For a direct proof when n = 1.
(b) By first part and the fact that `∞ is an AM-space, proof holds.

�

Example 2.5. (a) Each continuous operator defined on the non-discrete
AL-space (`∞)′ into Banach space `1 ⊕1 `

1 is b-AM-compact.
(b) Let E be a Banach lattice. Each positive operator from E into Ba-

nach lattice `1 is b-AM-compact.

We can restate Theorem 2.2 for AM-compact operators as follows,

Theorem 2.6. Let E be a Banach lattice and let X be a Banach space. A
continuous operator, T : E → X is AM-compact if one of the following
assertions holds.
(a) E has order continuous norm and X has Schur property,
(b) E has Schur property,
(c) X is a Banach lattice with Schur property and T is order bounded,
(d) T is Dunford-Pettis and E has order continuous norm,
(e) E is a discrete AL-space.
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Proof. Let A be an order bounded subset of E . For proving T : E → X
is AM-compact, it is sufficient to show that T (A) is relatively compact
in F.

(a) Since A is order bounded, by [1, Theorem 4.9] A is weakly com-
pact. Therefore, T (A) is relatively weak compact. Since X has Schur
property, T (A) is relatively compact.
(b) By the proof of the preceding part, A is weakly compact. E has

Schur property so A is compact. Therefore T (A) is relatively compact.
(c) T is order bounded so T (A) is order bounded. Since X has Schur

property, by Lemma 2.1 it is a K B-space. Thus it has order continuous
norm. Therefore T (A) is relatively weak compact. So the Schur property
of X completes the proof.
(d) see [20, Proposition 3.7.1 (ii)].
(e) E is AL-space, therefore, it has positive Schur property which co-

incides with Schur property on discrete Banach lattices. So by using
part (b) proof is complete.

�

Theorem 2.7. Let E be a Banach lattice and let X be a Banach space.

(a) If E has Dunford-Pettis property and its bidual is a K B-space then
each continuous weakly compact operator from E to X is b-AM-compact
(and so is AM-compact),
(b) If E has Dunford-Pettis property and order continuous norm then

each continuous weakly compact operator from E to X is AM-compact.

As a corollary, we have the following characterization of b-AM-compact
and AM-compact operators on AL-space and AM-space.

Corollary 2.8. Let E be a Banach lattice and let X be a Banach space.

(a) If E is an AL-space then each continuous weakly compact operator
from E to X is b-AM-compact (and so is AM-compact),
(b) If E is an AM-space and its bidual is a K B-space then each contin-

uous weakly compact operator from E to X is b-AM-compact (and so is
AM-compact),
(c) If E is an AM-space with order continuous norm then each contin-

uous weakly compact operator from E to X is AM-compact.
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Recall that if E is a Banach lattice and x ∈ E+, the principal ideal Ix
generated by x is,

Ix = {y ∈ E : ∃λ > 0 with |y | ≤ λx} ,

which Ix under the norm ‖·‖∞ defined by,

‖y‖∞ = inf {λ > 0 : |y | ≤ λx} , y ∈ Ix,

is an AM-space with the unit x, whose closed unit ball is the order in-
terval [−x, x]. We need the following theorem in the next section.

Proposition 2.9. Let T : E → X be a continuous operator from Banach
lattice E into a Banach space X. The following assertions are equiva-
lent,
(a) T is AM-compact,
(b) For each 0 ≤ x ∈ E, the restriction of T to principle ideal Ix is

compact.

Proof. (a)⇒(b) Let T be AM-compact and let x ∈ E+ be fixed. Assume
S is the restriction of T to Ix. It is sufficient to prove that S is a compact
operator. If B is the closed unit ball of Ix, then B = [−x, x]. Since T
is AM-compact, S(B) = T (B) is relatively compact. So S is a compact
operator, and the proof is complete.

(b)⇒(a) Let A be an order bounded subset of E . Then there exists
some x ∈ E+ such that A ⊂ [−x, x]. Let Y = Ix. By our hypothesis, the
restriction of T to Y is a compact operator. On the other hand, we have,

T (A) = T ��Y (A) ⊂ T ��Y ([−x, x])

Consequently, T (A) is relatively compact, and the proof is complete. �

Now, we study and prove some new results about disjointness preserv-
ing operators. Recall that an operator T : E → F between two Riesz
spaces is called disjointness preserving if T x ⊥ T y for all x, y ∈ E satis-
fying x ⊥ y. By Meyer’s theorem [20, Theorem 3.1.4], we know that, if
an order bounded operator T : E → F between two Archimedean Riesz
spaces preserves disjointness, then its modulus exists and,

|T | (|x |) = |T (|x |) | = |T x | ,

holds for all x ∈ E.
In the following theorem, we prove an extension of Krengel-Synnatzschke

theorem in the case of disjointness preserving operators. For another
proof see [7, Lemma 2.6].



KB-SPACES AND THEIR RELATIONSHIP WITH ARENS REGULARITY OF BANACH ALGEBRAS 11

Theorem 2.10. If T : E → F is an order bounded disjointness preserv-
ing operator between two Archimedean Riesz spaces. Then,

|T∼ | = |T |∼ .

Proof. Obviously, |T∼ | ≤ |T |∼ holds, so it is enough to prove that |T |∼ ≤
|T∼ |. Let 0 ≤ f ∈ F∼ and let x ∈ E+. By using Meyer’s theorem [1,
Theorem 2.40] and [1, Lemma 1.75] we have,

〈|T |∼ f , x〉 = 〈 f , |T | x〉
= 〈 f , |T x |〉
≤ 〈|T∼ | f , x〉

So |T |∼ f ≤ |T∼ | f . Consequently, |T |∼ ≤ |T∼ | that completes the proof.
�

Corollary 2.11. If T : E → F is an order bounded disjointness preserv-
ing operator between two Banach lattices, then |T ′| = |T |′.

In the following theorem, we prove a simplified version of the polar
decomposition theorem which asserts we can write an order bounded
disjointness preserving operator as the product of a continuous operator
times a lattice homomorphism.

Theorem 2.12 (Polar decomposition theorem, see [12]). Let T : E →
F be an order bounded disjointness preserving operator between two
Banach lattices. Then there exists a continuous operator U : Z →
Z such that T = U |T |. Where Z = B(|T | (E)), i.e., Z is the band
generated by |T | (E). Moreover, |U | = I.

Proof. By using [1, Theorem 3.46 (3)], Z is a Banach sublattice of F.
As T (E) ⊂ Z , so without loss of generality, we assume F = Z . There-
fore by [20, Corollary 3.1.19] and its proof there exist positive operators
U1,U2 : Z → Z such that U1+U2 = I and T = (U1−U2) |T |. Since Z is a
Banach lattice, so U1 and U2 are continuous. Thus if we set U = U1−U2,
then U : Z → Z is a continuous operator and T = U |T |. In addition,
|U | = U1 + U2 = I �

As a corollary, we have the following theorem.

Theorem 2.13. Let T : E → F be an order bounded disjointness pre-
serving operator between two Banach lattices, and assume {xn} is a
sequence in E. The following assertions are true.
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(a) {T xn} is norm (weak) convergent if {|T | (xn)} is norm (weak) con-
vergent,
(b) {|T | (xn)} is norm convergent if {T xn} is norm convergent,
(c) ker(T ) = ker(|T |),
(d) T has closed range if and only if range of |T | is closed,
(e) T is invertible if and only if |T | is invertible.

Proof. (a) T is an order bounded disjointness preserving operator so by
Theorem 2.12, we have T = U |T |, where U is a continuous operator
on B(|T | (E)). Assume that {|T | (xn)} is norm (weak) convergent to
x. Therefore {U |T | (xn)} is norm (weak) convergent to U (x). In other
words, {T (xn)} is norm (weak) convergent to U (x).
(b) Assume {T xn} is norm convergent. So {T xn} is a Cauchy sequence.

By the following equality,

‖|T | xn − |T | xm‖ = ‖T xn − T xm‖ ,

we conclude that {|T | (xn)} is also a Cauchy sequence. Since F is a
Banach space, {|T | (xn)} is norm convergent.
(c) For each x ∈ E we have | |T | x | = |T | |x | = |T x |. Therefore
‖|T | x‖ = ‖T x‖, for each x ∈ E. Consequently, x ∈ ker(|T |) if and
only if x ∈ ker(T ).
(d) Let T (E) be closed. We prove that |T | (E) is closed. Assume
y ∈ |T | (E), so there exists a sequence {xn} in E such that {|T | xn} is
norm convergent to y. By using part (a) the sequence {T xn} is norm
convergent. So there exists some z ∈ F such that {T xn} is norm conver-
gent to z. It follows from our hypothesis that z = T x for some x ∈ E.
Thus ‖T (xn − x)‖ → 0. Consequently, from,

‖|T | (xn − x)‖ = ‖T (xn − x)‖ ,

and the uniqueness of limit we conclude that y = |T | x ∈ |T | (E).
Conversely, let |T | (E) be closed and let z ∈ T (E). So there exists a

sequence {xn} ⊂ E such that ‖T xn − z‖ → 0. Thus, by using part (b)
we conclude that {|T | xn} is norm convergent. Since |T | (E) is closed so
for some x ∈ E we have {|T | xn} is norm convergent to |T | x. Therefore
{U |T | xn} is norm convergent to U |T | x. That is, {T xn} is norm conver-
gent to T x. So from the uniqueness of limit we have z = T x ∈ T (E).
Hence T (E) is closed.
(e) Let T be invertible. It follows from part (c) that |T | is injective. It is

easy to see that |T | is surjective so |T | is invertible. Conversely, let |T | be
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invertible. By using part (c) and part (d) we conclude that T is injective
and T (E) is closed. As |T | is a lattice isomorphism |T |−1 is positive,
by using [1, Theorem 2.15]. Hence easily we have |T |

′

and (|T |′)−1 are
positive, therefore by the same theorem and from |T ′| = |T |

′

we have
|T ′| is lattice isomorphism. So T ′ is disjointness preserving. Therefore
by applying part (c) to T ′ instead of T we have,

ker(T ′) = ker(��T ′��) = ker(|T |
′

) = {0},

Thus, T (E) = T (E) = ⊥(ker(|T |
′

)) = F. Consequently, T is invertible.
For another proof of this part see [7, Proposition 2.7].

�

Corollary 2.14 (see [12]). Let T : E → F be an invertible order
bounded disjointness preserving operator between two Banach lattices.
Then there exists a continuous operator W : Z → Z such that |T | = WT,
where Z = B(|T | (E)).

Proof. By using the polar decomposition theorem there exists a contin-
uous operator U : Z → Z such that T = U |T |. On the other hand,
from part (e) of Theorem 2.13 we have |T | is invertible. So we have,
T |T |−1 = U . Thus, U is invertible. Let W = U−1. Consequently,
|T | = W (U |T |) = WT . �

Corollary 2.15. Let T : E → F be an invertible order bounded disjoint-
ness preserving operator between two Banach lattices. For a sequence
{xn} in E we have, {T xn} is weak convergent if and only if {|T | (xn)} is
weak convergent.

Recall that the solid hull of a subset A of Riesz space E is the smallest
solid set including A and is exactly the set,

Sol (A) := {x ∈ E : ∃y ∈ A with |x | ≤ |y |} .

Proposition 2.16. Let T : E → F be an order bounded disjointness
preserving operator between two Archimedean Riesz spaces and let A ⊂
E. We have,

Sol (T (A)) = Sol (|T | (A)).
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Proof. Since |T (x) | = | |T | (x) | for each x ∈ E so we have,

Sol (T (A)) = {x ∈ F : ∃y ∈ T (A) with |x | ≤ |y |} ,
= {x ∈ F : ∃z ∈ A with |x | ≤ |T (z) |} ,
= {x ∈ F : ∃z ∈ A with |x | ≤ | |T | (z) |} ,
= {x ∈ F : ∃y ∈ |T | (A) with |x | ≤ |y |} ,
= Sol (|T | (A)).

that completes the proof. �

Recall a continuous operator T : X → E from a Banach space to a
Banach lattice is semi-compact whenever for each ε > 0 there exists
some u ∈ E+ satisfying,

(|T x | − u)+ < ε,

for all x ∈ X with ‖x‖ ≤ 1. And, a continuous operator T : E → X from
a Banach lattice to a Banach space is said to be M-weakly compact if
lim ‖T xn‖ = 0 holds for every norm bounded disjoint sequence {xn} of
E . Similarly, a continuous operator T : X → E from a Banach space to
a Banach lattice is said to be L-weakly compact whenever lim ‖yn‖ = 0
holds for every disjoint sequence {yn} in the solid hull of T (U), where
U is the closed unit ball of the Banach space X . Also note that if T :
E → F is an order bounded disjointness preserving operator between
two Banach lattices then | |T | x | = |T x | for each x ∈ E, so ‖|T | x‖ =

‖T x‖ for each x ∈ E. A continuous operator T : E → X is b-AM-
compact (resp. AM-compact) if and only if for each 0 ≤ x

′′

∈ E
′′

(resp.
0 ≤ x ∈ E), the restriction of T to E ∩ Ix′′ (resp. Ix) is compact, see
[4, Proposition 2.5]. We are now ready to prove the main result of this
section.

Theorem 2.17. Let T : E → F be an order bounded disjointness pre-
serving operator between two Banach lattices. Then |T | exists and the
following assertions are true.
(a) T is order weakly compact if and only if |T | is,
(b) |T | is b-weakly compact if and only if T is,
(c) |T | is b-AM-compact if and only if T is,
(d) |T | is AM-compact if and only if T is,
(e) |T | is compact if and only if T is,
(f) |T | is Dunford-Pettis if and only if T is,
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(g) |T | is semi-compact if and only if T is,
(h) |T | is M-weakly compact if and only if T is,
(i) if T or |T | is L-weakly compact then both of them are M-weakly

compact and L-weakly compact.
(j) T is weakly compact if |T | is. Moreover, the converse is true if T is

invertible.

Proof. The existence of modulus of T is a well-known result by Meyer
[20, Theorem 3.1.4],
(a) Assume |T | is order weakly compact we prove that T is order weakly

compact. Let {xn} ⊂ E+ be a weakly null order bounded sequence.
Since |T | is order weakly compact so ‖|T | (xn)‖ → 0 by using [20,
Corollary 3.4.9]. There exists a continuous operator U : B(|T | (E)) →
B(|T | (E)) such that T = U |T |, by using polar decomposition theorem.
It follows from continuity of U that ‖U |T | (xn)‖ → 0. In other words,
‖T (xn)‖ → 0. Therefore by same corollary T is order weakly compact.
For converse see [3, Theorem 2.2].
(b) Let {xn} be a b-order bounded disjoint sequence of positive ele-

ments in E . For each n ∈ N we have,

‖|T | xn‖ = ‖T xn‖ ,

In other words, ‖T xn‖ → 0 if and only if ‖|T | (xn)‖ → 0. Hence
from [2, Proposition 1] we conclude that |T | is b-weakly compact if
and only if T is b-weakly compact. The same method can be used to
prove parts (f) and (h) .
(c) Assume T is b-AM-compact we prove that |T | is b-AM-compact.

Let {xn} be a b-order bounded sequence in E such that {|T | xn} is weakly
convergent to x for some x ∈ F. By using [4, Proposition 2.6] it is suf-
ficient to prove that {|T | xn} is norm convergent to x. Since {|T | xn} is
weakly convergent so by using part (a) of Theorem 2.13 {T xn} is weakly
convergent to some y ∈ F. T is b-AM-compact so {T xn} is norm con-
vergent to y. Therefore {T xn} is a Cauchy sequence. So from,

‖|T | xn − |T | xm‖ = ‖T xn − T xm‖ ,

{|T | xn} is a Cauchy sequence. Therefore {|T | xn} is norm convergent to
some z ∈ F. It follows from the uniqueness of weak limit that z = x. So
{|T | xn} is norm convergent to x that completes the proof.

Conversely, assume |T | is b-AM-compact. It is sufficient to prove that
for each 0 ≤ x′′ ∈ E′′ if Y = Ix′′ ∩ E then the restriction of T to Y is a
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compact operator. So let 0 ≤ x′′ ∈ E′′ be fixed and let Y = Ix′′∩E. Since
|T | is b-AM-compact the restriction of |T | to Y is a compact operator.
On the other hand, by using polar decomposition theorem there exists a
continuous operator U : B(|T | (E)) → B(|T | (E)) such that T = U |T |.
So it follows from continuity of U that the restriction of U |T | to Y is
compact. In other words, the restriction of T to Y is compact, and the
proof is complete.
(d) The proof of AM-compactness of |T | is similar to the proof of b-
AM-compact one whenever T is AM-compact. So we just prove that if
|T | is AM-compact then T is also AM-compact. It is sufficient to show
that for each x ∈ E+ the restriction of T to Ix is a compact operator.
Since |T | is AM-compact the restriction of |T | to Ix is a compact oper-
ator. Now by the continuity of U that is given by polar decomposition
theorem, restriction of U |T | to Ix is a compact operator, i.e., the restric-
tion of T to Ix is a compact operator, and the proof is complete.
(e) It is a consequence of part (a) and part (b) of Theorem 2.13. For

proof see [34, Proposition 1.9].
(f) See the proof of part (b).
(g) We know |T x | = | |T | x | for each x ∈ E. So,

(|T x | − u)+ = (| |T | x | − u)+ ,
for each x,u ∈ E. This ends the proof.
(h) See the proof of part (b).
(i) From Proposition 2.16 we conclude that Sol (T (U)) = Sol (|T | (U)),

where U is the closed unit ball of X . Therefore T is L-weakly compact
if and only if |T | is. So both T and |T | are L-weakly compact. We
know that |T | is a lattice homomorphism, so the result follows from [1,
Exercise 4 (a), p.336] and part (h).
(j) It follows from part (a) of Theorem 2.13. Assume T is invertible

then the converse follows from Corollary 2.15.

�

In this part, we prove a theorem that characterizes Banach lattices such
that each b-AM-compact (resp. AM-compact) operator between them
has a modulus that is b-AM-compact (resp. AM-compact). The proof
of the first part is using method used in the proof of [1, Theorem 5.7].
We start this section with an example of a compact operator (therefore
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b-AM-compact and AM-compact) which its modulus exists but it is nei-
ther b-AM-compact nor AM-compact.

Example 2.18. For this example we assume all hypotheses and defini-
tions in [1, Example 5.6]. T : E → E is a norm bounded operator that is
defined as follow,

T (x1, x2, . . .) = (α1T1x1,α2T2x2, . . .)

where α = (α1,α2, . . .) ∈ `∞ is fixed. If lim αn = 0, then T is a compact
operator.
(a) If we put αn = 2−

n
3 , then T is a compact operator and so both AM-

compact and b-AM-compact operator but its modulus does not exist.
(b) If we set αn = 2−

n
2 , then T is a compact operator, and its modulus

exists but is not a compact operator. Moreover, we assert that |T | is
not b-AM-compact. Indeed the norm bounded sequence { x̂n} that was
constructed as follow, is also b-order bounded. For each n fix xn ∈ En
with ‖xn‖ = 1 and ‖|Tn | (xn)‖ = 2

n
2 . Let x̂n denote the element of E

whose nth component is xn and every other zero. So x̂n = 1. Let
x̂ = (|x1 | , |x2 | , . . .), we have,

x̂ ∈ E′′ = (E
′′

1 ⊕ E
′′

2 ⊕ . . .)∞,

Therefore { x̂n} ⊂ [− x̂, x̂] so { x̂n} is a b-order bounded sequence. We
know for n > m,
|T | x̂n − |T | x̂m = ‖(0, . . . ,0,−αm |T | xm,0, . . . ,0,αn |T | xn,0,0, . . .)‖

=1,

Thus |T | is neither b-AM-compact operator nor a compact operator. On
the other hand, since E has order continuous norm and is a discrete
Banach lattice so |T | is AM-compact by using [4, Lemma 2.2].
(c) If we replace E with F = (E1⊕E2⊕. . .)∞,and define T : F → F like

above. Then if we put αn = 2−
n
2 we have |T | exists, and T is a compact

operator and so both AM-compact and b-AM-compact operator. Since,

{ x̂n} ⊂ [− x̂, x̂] ⊂ F,

So { x̂n} is an order bounded subset of F. In a similar manner we can
show that |T | is not AM-compact and therefore it is neither a b-AM-
compact nor a compact operator.

Theorem 2.19. Let T : E → F be a b-AM-compact (resp. AM-
compact) operator between two Banach lattices, if either:
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(a) F is an AM-space, or,
(b) E is an AL-space and F is a discrete K B-space,

Then T has a b-AM-compact (resp. AM-compact) modulus that is given
by Riesz-Kantorovich formula,

|T | x = sup{T y : y ∈ E, |y | ≤ x}

In addition set of all b-AM-compact (resp. AM-compact) operators
from E to F with the r-norm is a Banach lattice.

Proof. (a) Let F be an AM-space, for x ∈ E+ we put,

Ax = {T y : y ∈ E, |y | ≤ x} = T[−x, x]

Therefore Ax is totally bounded, by using [1, Theorem 4.30], we know
that |T | x = sup Ax exists in F. Hence |T | x exists for each x ∈ E+ and
so |T | exists.

First, let T be a b-AM-compact operator and let B be a b-order bounded
subset of E . Therefore there is some x̃ ∈ E

′′

such that B ⊂ [− x̃, x̃].
Let S = [− x̃, x̃] ∩ E. So B ⊂ S. Since S is b-order bounded, T (S)
is totally bounded in F. If D denotes all suprema of finite subsets
of T (S) then by [1, Theorem 4.30] D is totally bounded. For each
x ∈ S+ = S ∩ E+ let Ax be defined as above. So by [1, Theorem 4.30]
we have |T | x = sup Ax ∈ D. Hence |T | (S+) ⊂ D that it shows |T | (S+)
is totally bounded, so |T | (S) is totally bounded. Therefore |T | (B) is
relatively compact, i.e, |T | is b-AM-compact.

On the other hand, let T be an AM-compact operator. Again for each
x ∈ E+ the set Ax as defined above, is totally bounded. Let B be an
order bounded subset of E , therefore, there is some x ∈ E such that
B ⊂ [−x, x]. Set S = [−x, x]. Similar to the above argument, |T | (S)
is totally bounded. So |T | (B) is relatively compact, i.e, |T | is AM-
compact.
(b) By using [1, Theorem 4.75] and the fact that E is AL-space and F

is K B-space, |T | exists. Now by using [4, Proposition 2.9 (3)], |T | is
b-AM-compact.

To prove that the vector space of all b-AM-compact (resp. AM-compact)
operators from E into F is a Banach lattice, one can repeat the arguments
of the proof of [1, Theorem 4.74].

�
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3. Arens regularity of Banach lattice algebras

Let X,Y, Z be normed spaces and m : X × Y → Z be a bounded bilinear
mapping. Arens in [1] offers two natural extensions m∗∗∗ and mt∗∗∗t of
m from X∗∗ × Y ∗∗ into Z∗∗ as following
1. m∗ : Z∗ × X → Y ∗, given by 〈m∗(z′, x), y〉 = 〈z′,m(x, y)〉 where
x ∈ X , y ∈ Y , z′ ∈ Z∗,
2. m∗∗ : Y ∗∗×Z∗ → X∗, given by 〈m∗∗(y′′, z′), x〉 = 〈y′′,m∗(z′, x)〉where
x ∈ X , y′′ ∈ Y ∗∗, z′ ∈ Z∗,
3. m∗∗∗ : X∗∗×Y ∗∗ → Z∗∗, given by 〈m∗∗∗(x′′, y′′), z′〉 = 〈x′′,m∗∗(y′′, z′)〉
where x′′ ∈ X∗∗, y′′ ∈ Y ∗∗, z′ ∈ Z∗.
The mapping m∗∗∗ is the unique extension of m such that x′′ → m∗∗∗(x′′, y′′)
from X∗∗ into Z∗∗ is weak∗− to−weak∗ continuous for every y′′ ∈ Y ∗∗,
but the mapping y′′ → m∗∗∗(x′′, y′′) is not in general weak∗−to−weak∗

continuous from Y ∗∗ into Z∗∗ unless x′′ ∈ X . Hence the first topological
center of m may be defined as following

Z1(m) = {x′′ ∈ X∗∗ : y′′ → m∗∗∗(x′′, y′′) is weak∗−to−weak∗−continuous}.

Let now mt : Y × X → Z be the transpose of m defined by mt (y, x) =

m(x, y) for every x ∈ X and y ∈ Y . Then mt is a continuous bilinear
map from Y × X to Z , and so it may be extended as above to mt∗∗∗ :
Y ∗∗ × X∗∗ → Z∗∗. The mapping mt∗∗∗t : X∗∗ × Y ∗∗ → Z∗∗ in general is
not equal to m∗∗∗, see [1], if m∗∗∗ = mt∗∗∗t , then m is called Arens regular.
The mapping y′′ → mt∗∗∗t (x′′, y′′) is weak∗− to−weak∗ continuous for
every y′′ ∈ Y ∗∗, but the mapping x′′ → mt∗∗∗t (x′′, y′′) from X∗∗ into Z∗∗

is not in general weak∗ − to − weak∗ continuous for every y′′ ∈ Y ∗∗. So
we define the second topological center of m as follows

Z2(m) = {y′′ ∈ Y ∗∗ : x′′ → mt∗∗∗t (x′′, y′′) is weak∗−to−weak∗−continuous}.

It is clear that m is Arens regular if and only if Z1(m) = X∗∗ or Z2(m) =

Y ∗∗. Arens regularity of m is equivalent to the following

lim
i

lim
j
〈z′,m(xi, y j )〉 = lim

j
lim

i
〈z′,m(xi, y j )〉,

whenever both limits exist for all bounded sequences (xi)i ⊆ X , (yi)i ⊆

Y and z′ ∈ Z∗, see [5, 23]. Regarding A as a Banach A − bimodule,
the operation π : A × A → A extends to π∗∗∗ and πt∗∗∗t defined on
A∗∗ × A∗∗. These extensions are known, respectively, as the first (left)
and the second (right) Arens products, and with each of them, the second
dual space A∗∗ becomes a Banach algebra. In this situation, we shall also
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simplify our notations. So the first (left) Arens product of a′′,b′′ ∈ A∗∗

shall be simply indicated by a′′b′′ and defined by the three steps:

〈a′a,b〉 = 〈a′,ab〉,

〈a′′a′,a〉 = 〈a′′,a′a〉,

〈a′′b′′,a′〉 = 〈a′′,b′′a′〉.

for every a,b ∈ A and a′ ∈ A∗. Similarly, the second (right) Arens
product of a′′,b′′ ∈ A∗∗ shall be indicated by a′′ob′′ and defined by :

〈aoa′,b〉 = 〈a′,ba〉,

〈a′oa′′,a〉 = 〈a′′,aoa′〉,

〈a′′ob′′,a′〉 = 〈b′′,a′ob′′〉.

for all a,b ∈ A and a′ ∈ A∗.
The regularity of a normed algebra A is defined to be the regularity of
its algebra multiplication when considered as a bilinear mapping. Let
a′′ and b′′ be elements of A∗∗, the second dual of A. By Goldstine,s
Theorem [4, P.424-425], there are nets (aα)α and (bβ)β in A such that
a′′ = weak∗ − limα aα and b′′ = weak∗ − limβ bβ. So it is easy to see
that for all a′ ∈ A∗,

lim
α

lim
β
〈a′, π(aα,bβ)〉 = 〈a′′b′′,a′〉

and

lim
β

lim
α
〈a′, π(aα,bβ)〉 = 〈a′′ob′′,a′〉,

where a′′b′′ and a′′ob′′ are the first and second Arens products of A∗∗,
respectively, see [6, 18, 23].
We find the usual first and second topological center of A∗∗, which are
as follows

Z1(A∗∗) = Z`
1 (A∗∗) = {a′′ ∈ A∗∗ : b′′ → a′′b′′ is weak∗−to−weak∗ continuous},

Z2(A∗∗) = Zr
2 (A∗∗) = {a′′ ∈ A∗∗ : a′′ → a′′ob′′ is weak∗−to−weak∗ continuous}.

An element e′′ of A∗∗ is said to be a mixed unit if e′′ is a right unit
for the first Arens multiplication and a left unit for the second Arens
multiplication. That is, e′′ is a mixed unit if and only if, for each a′′ ∈
A∗∗, a′′e′′ = e′′oa′′ = a′′. By [4, p.146], an element e′′ of A∗∗ is mixed
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unit if and only if it is a weak∗ cluster point of some BAI (eα)α∈I in A.
Let now B be a Banach A − bimodule, and let

π` : A × B → B and πr : B × A→ B.

be the right and left module actions of A on B. Then B∗∗ is a Banach
A∗∗−bimodule with the following module actions where A∗∗ is equipped
with the left Arens product

π∗∗∗` : A∗∗ × B∗∗ → B∗∗ and π∗∗∗r : B∗∗ × A∗∗ → B∗∗.

Similarly, B∗∗ is a Banach A∗∗ − bimodule with the following module
actions where A∗∗ is equipped with the right Arens product

πt∗∗∗t
` : A∗∗ × B∗∗ → B∗∗ and πt∗∗∗t

r : B∗∗ × A∗∗ → B∗∗.
Suppose that A is a Banach algebra and A∗, A∗∗, respectively, are the
first and second dual of A. We define the first and second topological
center of A∗∗, which are

Z1(A∗∗) = ZA∗∗ (A∗∗) = {a′′ ∈ A∗∗ : b′′ → a′′b′′ is weak∗−weak∗ continuous},

Z2(A∗∗) = Z t
A∗∗ (A∗∗) = {a′′ ∈ A∗∗ : a′′ → a′′ob′′ is weak∗−weak∗ continuous},

where a′′b′′ and a′′ob′′ are the first and second Arens product in A∗∗,
respectively the Banach algebra A is called Arens regular, if Z1(A∗∗) =

A∗∗. In [21], Lau and Ulger proved that a weakly sequentially complete
Banach algebra A with a sequentially Bounded approximate identity can
not be Arens regular unless it is unital.
A Banach lattice algebra is the same time a Banach lattice, an algebra
with sub-multiplicative norm and with the product of positive elements
are positive. This definition has been introduced by A. W. Wickstead as
part of the Order Banach Algebra workshop that was held at the Lorentz
Center in Leiden during July, 2014, see [32]. For example C0(T ) where
T is a locally compact Hausdorff space by pointwise order and multipli-
cation is a Banach lattice algebra. If there is an identity which has norm
one call it a 1−Banach lattice algebra.

Theorem 3.1. Let E be a 1−Banach lattice algebra and K B-space.
Then E is Arens regular.

Proof. Let E be a 1−Banach lattice algebra and K B-space. Since ev-
ery K B-space is weakly sequentially complete and E is unital, then by
Corollary 2.7 from [21], E is Arens regular. �
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Note: Let E1,E2, ...En be Banach lattice with norm ‖.‖i and order ≤i for
1 ≤ i ≤ n. Then ⊕n

i=1Ei is a Banach lattice with norm ‖x‖ = Σn
i=1‖xi‖i

and under the ordering {xi}
n
i=1 ≤ {yi}

n
i=1 whenever xi ≤i yi holds for all

1 ≤ i ≤ n. Then it is clear that the following assertions are hold.
(a) E1,E2, ...En are K B-spaces if and only if ⊕n

i=1Ei is K B-space.
(b) If E1,E2, ...En are Banach lattice algebras, then ⊕n

i=1Ei is Banach
lattice algebra.

(b) If E1,E2, ...En are Arens regular Banach algebras, then ⊕n
i=1Ei is

Arens regular Banach algebra.
By Example 2.6.22 from [13], we know that (`1, .) with pointwise

multiplication is Arens regular. Now in the following, we give another
proof for Arens regularity of (`1, .) by using property of Banach lattices.

Example 3.2. (a) Every perfect 1−Banach lattice algebra is Arens
regular.

(b) It is clear that if E is a K B-space, then E ⊕ R is K B-space, and
so it is Arens regular.

(c) Since (`1, .) is a K B-space, (`1 ⊕ R, .) is Arens regular, and so
(`1, .) is Arens regular.

Theorem 3.3. Let E be a 1−Banach lattice algebra with property (b).
If E has order continuous norm, then E is Arens regular.

Proof. Since E has property (b) and its norm is order continuous, E is
a K B−space. So, by Theorem 4.60 from [1], E is weakly sequentially
complete. Since E is unital, by Corollary 2.7 from [21], E is Arens
regular. �

Now by using Proposition 2.10, from [4], we have the following result.

Corollary 3.4. Let E be a 1−Banach lattice algebra. If the identity
operator I : E → E is b−weakly compact, then E is Arens regular.
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